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Background and context

Are the singularities of GR resolved in nature? And if so, how?

_ . . 1968 1992 2006
Singularity-free BH metrics: Bardeen, Dymnikova, Hayward, etc.

Note: these metrics are not a priori solutions of any known theory. == kinematics (rather than dynamics)

Note: realizing RBHs as exact solutions of any realistic theory is difficult.

ﬁ‘ Bueno, Cano, Hennigar
Recent progress: Schwarzschild singularity is resolved generically in D > 5 when (=] Phys. Lett. B 861. 139260 (2025)

an infinite tower of higher-order curvature corrections is added to EH action.

* Singularity is resolved without any additional fields

* Second-order field equations in spherical symmetry

Bueno, Cano, Hennigar, Murcia
Phys. Rev. Lett. 134, 181401 (2025)

[l
i

» Birkhoff theorem: static solution is the unique one

= RBH dynamics
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RBHs 1n quasitopological gravity

EoM of gravity theory with Lagrangian density £( ga’b, Rabed) and minimally coupled matter:

Eab = PgdeRbcde — %gabﬁ — 2vCvdPa,cdb = 8mGNTwp

(Quasitopological sravity: v P,.g =0 J for spherical, planar, or hyperbolic symmetry
=P second-order EoM

Can be constructed via a recurrence relation:

3(n+ 3) 3(n +4) (n+3)(n+4)

BT T s DD 1) M T DD = 1) T T 2a(mr DD(D — 1) 2
dPz+/|g| -
A t. : I — I Im r I — _2A R ! Z
ction QT Tt Imatte QT / 167G + v+ nEZQ QpZn
16mGn 61 2 Olmatter
Variation: gab — 87TGNTab with gab — N Qr and Tab — o

\/m 5ga,b \/E 5gab



RBHs 1n quasitopological gravity

General static metric with maximally symmetric transverse sections: hk = +1: spherical |
dr? , k=0: planar
2 2 2 i 1
ds® = —N(r)* f(r)dt® + ) + 7782 dz* dz’, k=—1: hyperbolic

where {2;; is the metric on a (D-2)-dimensional space with curvature tensor Rk = Kk (Qix Q51 — QuQjk).

Assume minimally coupled matter inherits the symmetry of the spacetime: Ty =7, = N'(r)=0 — N =1

L _

The natural radial curvature variable is ¥ (r) = rg’(r) .
The gravitational theory 1s encoded by the function h(y) = — D 12)1(XD Y + hs(v),

. . > n D —2n _
Integrated radial field equation: where  hs(¢)) =9+ Z an”, ap = D5 an:

n=2
hy(w(r)) = S(r)
ravit;tionZI co; lings  cosmological constant W(r)=h;"(S(r) = f(r)=k—r*n;"(S(r))
y + metric f(frI; ® + mass + matter f f




RBHs 1n quasitopological gravity

Integrated radial field equation: Asymptotically flat vacuum: S(r) = gzl,
r
h (A = S(r : . 1 m
\f (2{( ))J \ ( ) Asymptotically AdS vacuum: S(r) = ~73 + D1
gravitational couplings coimologi(fl co?tstant ,
3 mass matter

+ metric f(r) Asymptotically AdS with matter: S(r) = — 72 + . ;n_ - + Smatter (7).

—1 21 —1 r
Y(r) = h7H(S(r) = f(r) =k —rh71(S(r)) WhEre  Sie(r) = — D”gfljj_l | @

—9)r -

Keep in mind:

1. The solutions are exact solutions of specified field equations, not phenomenological metrics.
2. Quasitopological densities exist at all curvature orders in D > 5,

enabling the infinite resummation required for regularity.
3. The action makes quantities such as Wald entropy, conserved mass,

the first law, and (in principle) gravitational dynamics well-defined.



Horizon structure of spherical AdS solutions (A < 0,k = +1)

3.0 —

(D—-1)(D —2) 1 m f
A== S="nt5 25
Consider Hayward-AdS metric as a representative example: 2.0
2 —~ _
r*S(r) = 15
flr) =1~ - SO
1 + CYS(T') 1.0

At large 7, the solution approaches AdS with 0.5} g&lfgoﬁhorizon |
(8 G T L4 1 0.0 :

I’ =I°—a, a=—, = = : l; T T -

eff L2 GN Lg:ﬁ' (1—0,)2 ] \/+II||\I|||_

OO 02 04 06 08 10 12 14
The ADM/thermodynamic mass is given by v/ Leﬁf

k=1, D=5 a=0.1, Leg=Geg=1,
[Motue, Mray, Myea] = [0.3,0.706, 1] .

D —9 B integration constant
( o m*
167G N



Regular Maxwell-charged solutions

For the Maxwell theory:  Sgyp(r) = — 3 + o R

T — 00
At large r, the charge is subleading, so Leg and Geg derived from the asymptotic behavior of the metric

are the same as before. However, the charge-dependent contribution to S(7) dominates at small r.

— —_ 2

‘ =p Regular Maxwell-charged configurations have AdS cores. f(r) =k+ Tal +0(r’), r—0.

NB: The geometry can be regular even though the Maxwell field diverges:

a=1/100
q=1/20

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0
r/L r/L r/L



From regular metrics to fully regular charged solutions

So far: RBH (regular geometry) coupled to Maxwell electrodynamics (divergent electric field)

Now: Use nonlinear electrodynamics (NLE) to cure divergence of the electric field

NLE theory
We consider Born—Infeld and RegMax NLE theories. ( AFFIFY [ — Lg)
Both reduce to Maxwell electrodynamics in the weak-field regime. C S
==p Their large r asymptotics reproduce the charged Maxwell case. f ( )
2
But: Their small 7 behavior is decisively different! Recall:  f(r) =k — m hm sign(S(r)) +
Sgi(r) = mT;_T* + \/ 8(5__23) ,,qbz‘)qL +oo, SRegMax(T) = mr;_T’* NI
where Possible outcomes:
my : finite electrostatic self-energy | m>m, : dS core
b: BI limiting field strength m = my : dependent on subleading term in S(r)
[EB1(0)] = b, b— oo = Maxwell m < my : AdS core




Extended first law and Smarr relation

Firstlaw: dM =TdS +V dP + V da
Smarr: (D—-3M = (D —-2)TS —2VP+2aV¥

where ¥ = ZL (D —3)M — (D — 2)T'S + 2PV] is a potential conjugate to the coupling constant .
o

_ V2D -2)(D-3) a,

When a Maxwell field is included: additional U(1) charge Q e
N

First law: dM =T dS +PdO +V dP + V¥ do
Smarr Maxwell): (D —3)M = (D —2)TS + (D — 3)PgmQ — 2VP + 2a¥

—2q

In NLE theories: additional length scale associated with their coupling constants

(D —3)M = (D — 2)TS + (D — 3)®;Q — 2VP + 2aV + [b;]b;B;



Wald entropy for Hayward-AdS model

When the horizon radius becomes comparable to 3 D—5 |
the regularization length, higher-order terms witha ~— —~ i
potentially negative denominator are no longer | 27 ;
Cg . Q I
suppressed for certain dimensions D. W :
& 1 “
\ =
For BHs sufficiently close to extremality, c%
the Wald entropy can become negative. L O: ]
- ]- :_| T R ! T R N B B
However: 0.0 0.5 1.0 1.5 2.0 2.9 3.0
1. Wald entropy i1s sensitive to a/l higher-curvature terms, T+/ L

irrespective of whether they produce dynamics or not.

=p (Can always shift it by an overall constant by adding suitable derivative terms to the action.

2. Solutions with negative Wald entropy occur close to extremality at very low Hawking temperature.

=P (Cannot expect that semiclassical computation of entropy will be reliable anyway.



Equation of state and P-v diagram for Hayward AdS black hole

From the definition of thermodynamic pressure,
A (D-1)(D-2)
871G N 167G L2

we can obtain the equation of state

b (D-2iT  (D-2)[(D-3)r} —a(D-1)] ~

¢ plays the role of an effective molecular volume.

. . . opP o*p
Critical-point conditions: -] = =0
T T

ov Ov?
v
1" > T, : monotonic, ideal-gas-like behavior.
1" =T, : inflection point marking the second-order critical endpoint. v = 451\7 7’2+

T < T, : vander Waals oscillation associated with SBH/LBH coexistence.



Phase diagram for Hayward-AdS black hole

o4—m——————————————————— ]
Hawking-Page transition is physical in any odd D. D=7
At each point (T, P), the phase with 03] a=0.1 small BH -
the lowest free energy /
I triple point
F=M-TS Q0.2
. . . -Ptp -------------------------------------------- k.---.ﬂ oo
dominates. On a coexistence line F; = F5. " critical
0.1 I endpoint ]|
L thermal AdS/
_ Radiation Large BH
Triple point where the three phases of 00—
thermal AdS, SBH, and LBH meet. '8_0 0.1 0.2 0.3 0.4 0.5
L
T

P<Ptp2
Ptp<P<PcZ

thermal AdS
thermal AdS

Hawking-Page
S %% . LLBH

Hawking-Page .

. SBH ﬁrst—order> LLBH




Why a regular core makes the pressure diverge at finite volume

For spherical vacuum solutions with positive mass: S(7) . Recall: Svac(r) = — 22 + ,,,17;'?;1
A regular core requires the curvature to remain finite: f(r) =1 — v’ 4, Y(r) i Y, < 00.
But the master equation says: h¢(1(r)) = S(r). b(r) =1 _Tf (r)
Therefore, h ¢ must diverge while its argument remains finite: A f(2)) ﬂ) 0. — t20 el Y+ O(r)
Now evaluate the same curvature variable at a spherical horizon: f(r,) =0, b = r%
-

As T+ decreases, ¥+ eventually reaches Y. Since the equation of state | | w. = é

(DR @IT (D=2 [(D—1)rhe (b)) — 2 ()]

4r 16mr2 ;\s; !

1
contains hf(¢4) and R (¢4), i — ™ — P — 0. |
D—-1

Because V' o< 77" 7, this happens at a finite, nonzero volume.




Why a regular core makes the pressure diverge at finite volume

r—0 . _ 1 m
For spherical vacuum solutions with positive mass: S(r) 7 . Recall: Svac(r) = —73 + 55
) ) . 9 r—0
A regular core requires the curvature to remain finite: f(r) =1 — ¥ +---,  Y(r) — ¥, < 0.
But the master equation says: h¢(1(r)) = S(r). w(ry=2"1 (r)
.
Y, _ %+ 0 () _
Therefore, h s must diverge while its argument remains finite: h f(’tb) — OQ. B r2 = %+ 00r)
1
Now evaluate the same curvature variable at a spherical horizon: f(ry) =0, ¢ = —-.
T
As T+ decreases, ¥+ eventually reaches Y. Since the equation of state
-
P = (D= 2)ht )T _ (D —2) [(D — D)rZhe (¢4) — 2R ()] For the resummations
ary 167r? studied in our paper:
1
contains hys(¢y) and h%(¢y), 71 — m — P — oc. by = 1 — 2 =
* (87

Because V' 7“_15_1, this happens at a finite, nonzero volume.



Critical ratio P.v./T,. for various AdS models

Why do we care about this ratio? 0.41 §
The individual critical quantities depend 0.40 ]
. . © L I
on the regularization scale «, ~ [ ] — Model I
. . ? ().39:- | — Model II
T — P _ iy ] § — Model TII
Ve & \/a7 c X \/57 c X Qo 0'38: Hayward 1 — Model IV
: : . | — Model V
but their ratio does not. 0.37; ] .
_ | — Model VI
Peve . . 10 20 30 40 50
— is independent of o D
C
For the Hayward-AdS model, the ratio P 3
Differences between the curves therefore precisely matches the van der Waals R
reflect the choice of resummation and the gas in any allowed odd dimension: 1. 3
spacetime dimension, not the chosen
regularization scale. P,

3
VAN
N | =

Conjectured bound for spherical vacuum RBH:



Summary of main results

1. Quasitopological resummations yield exact regular AdS black holes in D > 5.

2. NLE gives fully regular charged solutions; 11 /m, fixes the core type.

3. Spherical regularity forces a finite-volume pole in the equation of state.

4. Hayward universally coincides with the van der Waals ratio P.v./T. = 3/8;
Surveyed models suggest an upper bound of P.v./T, < 1/2.

JHEP 2025 (11), 121
arXiv:2505.11623 [er-qc]
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Additional results included in the paper

A N

Regularity with matter: general sufficient conditions when T} = 77" .

Regular black branes (k = 0) are generically inner-extremal and have Einstein-like thermodynamics.

Regular topological black holes (k = —1): after compactification, 7 = 0 is a chronology horizon.

Charged spherical black holes: one critical point; the critical ratio depends on charge and coupling.

Topological thermodynamics: from no criticality to reverse van der Waals behavior.
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Sufficient conditions for curvature regularity

To guarantee a fully regular solution for the full range of 7 € [0, 00), it is sufficient for h¢(x) to be a
monotonic function with a divergence, provided that S(r) and its derivatives have no divergences at finite 7.

—
NB: 1. Asthese conditions are only sufficient but not necessary,

many other resummations with nonsingular black holes will exist.

2. For a given resummation h (), the function S(r) determines the domain of V.

Therefore, it 1s entirely possible for a resummation that is nonsingular in vaccum to

become singular when certain matter content 1s added.

|

_ Y Monotonic only on the disjoint intervals
1 — o Y € (—oo0,1/a) and ¥ € (1/a, c0)

If S(r)is not of uniform sign, the Hayward model may not be able to accommodate it within a single domain for .

Example: Hayward resummation hg (1)

To ensure RBHs exist regardless of the matter content, we must select a resummation h ¢ (x)

with range (—oo, 00) in a single domain on which it is a monotonic function




Asymptotic and near-core behavior

Asymptotically flat vacuum (A = 0,k = +1):

f(r)y=1- gig—k---, as r — 00,
.

Asymptotically AdS (A < 0,k € {—1,0,+1}):

2
r Geg ™
r)=k+ — — +---, asrT — 00,
5 1
Near-core behavior (k € {—1,0,+1}): Leog = _hf_l (—1/12)’
? G
r N

fr) k=g, asT o0, O B -1/ E)



Critical mass parameter (A = 0,k = +1)

For all 7 models in Table 1, there exists a critical value of the mass 1. which demarcates the possible solutions.

1. For m > mc,, there is an event and inner horizon.

2. For m = mc,, there is a single degenerate horizon representing
an extremal black hole with vanishing Hawking temperature.

3. For 0 < m < mg,, there are no horizons. These represent gravitational
solitons: Lorentzian, finite energy, geodesically complete metrics.

Example: Hayward resummation

(D —1)(P-1/2 L(D=3)/2
2D — 3D/

Mer =



Explicit expressions for thermodynamic potentials

For kK = 41, the thermodynamic potentials read:

(D —2)Qp_orP™? (D —2)Qp_orP ™! /"a+ D—2t
_ Qp_ Ttd
M 167GN h() + 67Gn L2 b2 T hedr
1 |r38'(ry) D —2)Qp_s B
T = g { ;:,(m) +2k|, S= ( 4G)N /rf Shi(k/rs)dry
v Qp_or?™! p__ A _(D-1(D-2
D—-1 ° 83TGN 16rGNL2

1

U =_—[(D-3)M-—(D-2)TS+2PV].

20



Table 1: Summary of models

Model (7% he (1) f(r)
n— a r’S(r)
I o™ 1— o) k_1—|-a8(r)
I a’;‘l _log(1; arp) 5 — g (1 s
. . b r? {1 +2a8(r) — 4/1+ 4aS(r)J
na (1 — an)2 k= 202S(r)
v (1= (D" . v T |1 - VI+isio)
2 @ 1 — a2q? + 2028(r)
v | G=EOIr(E) L ¥ o S()
2¢/nT (nTH) v/ 1 — a?1)? v/ 14 a282(r)
_1)(n+1)
VI (1 + ( 2711) ) o1 arctal;h(ad)) b g tanh (aS(r))
Y r’S(r)
A k—
VII N/ (1= o)/~ [+ aNSN ()] /N

Table 1. Models: summary. Example resummations and their corresponding exact solutions to
the equations of motion. Here, we write the metric function for general minimally coupled matter
satisfying Tf = T in terms of the function S(r) introduced in eq. (2.16). In the case of Model VII,
the coefficients of the series can be obtained by expanding h¢(1)) for a given value of N (a closed form
expression is not simple for general N). Note that this model includes Models I and V as special
cases. Models I, II, and III are valid only in odd dimensions. Models IV, V and VI are valid in odd
dimensions and also for D = 4(k + 1) with k € Z*. Model VII is valid in odd dimensions for general
N, while particular cases of N also yield resummations valid in even dimensions. The simplest case for
an even dimension D is given by N = D/2.



Table 2: Effective couplings and parameter constraints

ode e/ GN arameter constraints
Model h(y) LZg/L? Gest/G P i
P 1
I 1— 1
1= o a 1—a)? 0<a<
I _M eaa_ : e a>0
1 P 240> 2 — 8a + 2v/1 — 4a(—1+ 2a) 0<ac<lt
(1— ayp)? 1—2a—+/1—4a 4a2(—1 + 4a) 4
P 20> 1 1
v =22 - > 22 |1 e a€R
o2 1+ +/1+4a a V1+4a
’l/] 2 2 _3/2
A\ m vV1+a (1 +a ) a€R
VI arctar;h(m/)) acotha sech? a a>0
) 1/N _(N+1) a€R if N even
VII N (14 (—a)"] 14+ (=a)"] ¥ _
(1 —aNyN) 0<a<1l ifNodd

Table 2. Models: effective couplings and parameter constraints. We tabulate the effective
AdS length L.g and the effective Newton constant Geg for each of the resummations that appear in
table 1. We have defined a = a/L? to ease the notation. The final column of the table gives the range
of a for which the metrics are fully regular and have AdS asymptotics.



Table 3: Infinite-dimensional limit of critical ratio

Model I II I1I 1AY/ Vv VI
h(w) Y _log (1 — ay) WY W Y arctanh (o))
1— az o (1—oaap)® | 1—a?y? V1 — a2y? o
. P || 3
Dhm T 3 = 0.375 0.386193 0.362512 0.402311 0.406247 0.408348
—> 00 c

Table 3. Ultimate critical ratio: limit of infinite dimensions. We tabulate the critical ratios
for the vacuum-AdS regular black holes for the different models in the strict D — oo limit. The result
for model I is exact, and independent of dimension. All other models exhibit weak dependence on
dimension, and the D — oo value provides a good approximation for general dimensions. Despite

the very different functional forms for the different models, the critical ratios of all models fall within
~ 0.04 of each other.



Table 4: NEC and SEC

q=20 g7 0
NEC | SEC | NEC | SEC
Model I | V(v) | X(X) | X(X) | X(V)
Model IV | X(v) | X(X) | X(X) | X(V)
Model V | X(v) | X(X) | X(X) | X(v¥)

Table 4. NEC and SEC: summary. Status of the NEC and SEC for the cosmological extensions
of models I (Hayward), IV, and V of table 1 with and without charge. The behavior near the center is
indicated in parentheses.



Figure 1: Horizon structure of spherical AdS solutions
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Figure 1. Metric functions: AdS black holes. Plots of the £ = 1 metric function for models I-VI
for different values of the thermodynamic mass M. In each plot we have set Leg = 1, Geg = 1, a = 0.1,
and D = 5. The top row represents models I-III from left to right, while the bottom row corresponds to
models IV-VIin the same order. The gray dashed line represents the critical thermodynamic mass value
associated with an extremal regular black hole. The values of the thermodynamic mass M in the color
order [blue, gray, red| are: [0.3,0.706, 1] (top left), [0.2,0.362,0.55] (top center), [1.2,1.849,2.8] (top
right), [0.2,0.326,0.5] (bottom left), [0.15,0.253,0.4] (bottom center), and [0.15,0.217,0.35] (bottom
right). All models I-VI yield metric functions that have exactly the same qualitative structure.



Figure 2: Metric functions of Maxwell charged BHs

Figure 2. Metric functions: Maxwell charged black holes. Plots of the k¥ = +1 metric function
for model IV for different values of the coupling and charge. In each plot, we have set L =1, m =1,
and D = 5. We have also included the corresponding metric function with ¢ = 0, shown in each panel
as the dashed gray curve. The parameter values are: a = 1/100,q = 1/20 (left), o = 1/100,q = 2
(center) and a = 1/10,q = 1/20 (right). Models V, VI and VII with N even yield metric functions
that have exactly the same qualitative structure.



Figure 3: Metric functions of black branes
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Figure 3. Metric functions: black branes. Plots of the £ = 0 metric function for model IV
for different values of the coupling and charge. In each plot, we have set L =1, m =1, and D = 5.
We have also included the corresponding metric function with ¢ = 0, shown in each panel as the
dashed gray curve. The parameter values are: o =1/100,q = 1/20 (left), o = 1/100,q = 2 (center)
and a = 1/10,q = 1/20 (right). Models V, VI and VII with N even yield metric functions that have
exactly the same qualitative structure.



Figure 4: Metric functions of charged BHs in NLE
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Figure 4. Metric functions: charged black holes in nonlinear electrodynamics. Plots of
the £ = 1 metric function for model IV, where we have set m =1, L = 1, a = 0.01, ¢ = 0.1, and
D =5 for two different NLE Lagrangians illustrated by the blue solid line. The Maxwell case is shown
as a gray dashed line. Top: Born — Infeld case for m > m, (left), m = m, (middle), and m < m,
(right), achieved by choosing b = 1, b ~ 20.07, and b = 40, respectively; Bottom: RegMax case for
m > m, (left), m = m, (middle), and m < m, (right), achieved by choosing 8 = 1, § ~ 4.46, and
B = 15, respectively. Both Born-Infeld and RegMax metric functions have exactly the same qualitative
structure.



Figure 5: Wald entropy of Hayward AdS model
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Figure 5. Wald entropy: Hayward-AdS model. The Wald entropy is plotted as a function of
the horizon radius for the Hayward model in D = 5. The blue curves show the entropy for different
values of a = a/L?, ranging from a = 0 to the maximum allowed value of a = 1 from the lightest to
the darkest hue. The black curve shows the entropy at extremality, with all blue curves originating
along this line. Plots in higher dimensions are qualitatively similar.




Figure 6: P-v diagram of Hayward AdS model

Figure 6. P — v diagram: Hayward-AdS black hole. Isotherms for the Hayward-AdS black
hole (model I) for D = 5,7,9 (from left to right). In each case, the lower blue curve has T' < T, the
middle black curve has T' = T,, and the upper red curve has 1" > T,.. In each plot, we have set the
effective molecular size parameter b = 0.1. The units are such that Gy = 1.



Figure 7: Free energy of Hayward AdS model
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Figure 7. Free energy: Hayward-AdS model. The free energy F' is plotted parametrically as a
function of temperature 7', using the horizon radius as a parameter, for the Hayward-AdS black hole
(model I) in various dimensions. The coupling o remains fixed at the value a = 0.2, and we allow
the cosmological constant parameter L to vary. In the D = 7 case, the triangle indicates the triple
point where the small black hole, large black hole, and radiation phases coexist (see also figure 8).
The temperature range was chosen to zoom in on the regions with interesting behavior. The units are
such that Gy = 1.



Figure 8: Phase diagram of Hayward AdS model
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Figure 8. Phase diagram: Hayward-AdS model. The pressure P is plotted as a function of
temperature T for the D = 7 case with a fixed coupling parameter o = 0.1. The coexistence lines
separate regions corresponding to the small black hole, large black hole, and radiation phases. As the
temperature increases from low values, the black line follows the coexistence between the radiation
and large black hole phases, ending at the triangle, which marks the triple point where all three phases
coexist. Beyond this point, the black line represents the coexistence of small and large black hole
phases, ending at the dot that denotes the critical point. The red line represents the coexistence
between the radiation and large black hole phases at pressures above the triple point, ending at the
maximum pressure Ppa, = (D — 1)(D — 2)/(16rGya), imposed by the condition L? > «. For the
chosen value of «, this corresponds to Pp.x =~ 5.97. This point is not visible in the figure, as the plot
is zoomed in on the region where the most interesting features of the phase diagram appear. The
units are such that Gy = 1.



Figure 9: Critical ratio of various AdS models
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Figure 9. Critical ratio P.v./T.: various AdS models. We display a dimensional dependence of
the critical ratio for the first six models in table 1 in vacuum-AdS. The Hayward-AdS case (model I)
is the unique one for which the critical ratio matches that of the van der Waals fluid, and is also the
unique one for which the critical ratio is independent of dimension. The plot illustrates that, while
the other models exhibit dimensional dependence, it is very weak. Note that we have interpolated
between integer dimensions.



Figure 10: Charge dependence of critical ratio

Figure 10. Critical ratio: charge dependence. Ratio of critical parameters for Maxwell charged
black holes in model IV (left) and model VI (right) in the five-dimensional case. The blue curves
correspond to different values of «, with the lighter (upper-leftmost) curves corresponding to smaller
values, and the darker curves corresponding to larger values. The lower horizontal line is the ¢ = 0
critical ratio, while the upper horizontal line is the critical ratio in the Einstein-Maxwell theory. The
units are such that Gy = 1.



Figure 11: Free energy 1n the charged Maxwell case
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Figure 11. Free energy: charged Maxwell case. The free energy F' is plotted parametrically as
a function of temperature 7', using the horizon radius as a parameter, for model IV (top) and model
VI (bottom), both minimally coupled to the Maxwell field, across various dimensions. The coupling «
and charge parameter ¢ remain fixed at the values o = 0.2 and ¢ = 0.3, respectively, and we allow the
cosmological constant parameter L to vary. The dashed lines indicate branches of black holes with
negative Wald entropy. However, in the plots above these are only visible for D = 5 in the top left
as the temperature range has been chosen to zoom in on the regions with interesting behavior. The
units are such that Gy = 1.



Figure 12: Free energy in Born-Infeld vs. RegMax NLE
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Figure 12. Free energy: Born-Infeld and RegMax cases. The free energy F is plotted
parametrically as a function of temperature 7', using the horizon radius as a parameter across various
dimensions. The coupling « and charge parameter g remain fixed at the values a = 0.2 and ¢ = 0.3,
respectively, and we allow the cosmological constant parameter L to vary. Top: model IV, minimally
coupled to the Born-Infeld field, with the electric field regularization parameter fixed at b = 10.
Bottom: model VI, minimally coupled to the RegMax field, with the electric field regularization
parameter fixed at 8 = 4. The dashed lines indicate branches of black holes with negative Wald
entropy. However, in the plots above these are only visible for D =5 (left column) as the temperature

range has been chosen to zoom in on regions displaying interesting behavior. The units are such that
Gn =1



Figure 13: Free energy for topological BHs
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Figure 13. Free energy: topological black holes with o — —a symmetry. The free energy
F is plotted parametrically as a function of temperature T', using the horizon radius as a parameter,
across various dimensions for the topological black holes with £ = —1 of model V. Top: no matter
fields are present, and the coupling is fixed at o = 0.1. Bottom: Maxwell-charged case with coupling
a = 0.2 and charge parameter ¢ = 0.02. The temperature range has been chosen to zoom in on regions
displaying interesting behavior. In all cases, a dashed line indicates a branch of black holes with
negative Wald entropy. Note that in all cases the upper branch (which corresponds to negative mass
and entropy) is thermally unstable, as indicated by the upward-curving free energy curves. The units
are such that Gy = 1.



Figure 14: P-v diagram for topological Hayward-AdS BH
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Figure 14. P — v diagram: topological Hayward-AdS black hole. Isotherms for the £k = —1
Hayward-AdS black hole (model I) for D = 5,7,9 (left to right) feature a ‘reverse van der Waals’
behavior. In each case, the lower blue curve has T' < T, the middle black curve has T' = T, and the

upper red curve has T' > T,. In each plot, we have set the effective molecular size parameter b = 0.1.

The units are such that Gy = 1.



Figure 15: Charge dependence of critical ratio for topological BHs
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Figure 15. Critical ratio for topological black holes: charge dependence. Ratio of critical
parameters for Maxwell charged topological black holes in model I (left) and model IT (right) in
the five-dimensional case. The blue curves correspond to different values of «, with the lighter
(upper-leftmost) curves corresponding to smaller values, and the darker curves corresponding to larger
values. The lower horizontal line is the uncharged critical ratio. The units are such that Gy = 1.



