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Paper + CollaboratorsBackground and context

Are the singularities of GR resolved in nature? And if so, how?

Singularity-free BH metrics: Bardeen, Dymnikova, Hayward, etc.

Note: these metrics are not a priori solutions of any known theory. kinematics (rather than dynamics)

Note: realizing RBHs as exact solutions of any realistic theory is difficult.

Recent progress: Schwarzschild singularity is resolved generically in D ≥ 5 when 
an infinite tower of higher-order curvature corrections is added to EH action.

Bueno, Cano, Hennigar
Phys. Lett. B 861, 139260 (2025)

• Singularity is resolved without any additional fields
• Second-order field equations in spherical symmetry
• Birkhoff theorem: static solution is the unique one

RBH dynamics

Bueno, Cano, Hennigar, Murcia
Phys. Rev. Lett. 134, 181401 (2025)
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1. Considering a cosmological constant

2. Constructing asymptotically AdS black holes

3. Including minimally coupled matter

4. Analyzing thermodynamic properties

Our JHEP paper extends this framework by
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Paper + CollaboratorsRBHs in quasitopological gravity
EoM of gravity theory with Lagrangian density                          and minimally coupled matter:

Can be constructed via a recurrence relation:

Action:

Variation:

Quasitopological gravity:
second-order EoM 

for spherical, planar, or hyperbolic symmetry



Paper + CollaboratorsRBHs in quasitopological gravity

where        is the metric on a (D-2)-dimensional space with curvature tensor                                                   . 

General static metric with maximally symmetric transverse sections:

Assume minimally coupled matter inherits the symmetry of the spacetime:

The natural radial curvature variable is                             .

The gravitational theory is encoded by the function

whereIntegrated radial field equation:



Paper + CollaboratorsRBHs in quasitopological gravity

1. The solutions are exact solutions of specified field equations, not phenomenological metrics.

2. Quasitopological densities exist at all curvature orders in D ≥ 5, 

enabling the infinite resummation required for regularity.

3. The action makes quantities such as Wald entropy, conserved mass, 

the first law, and (in principle) gravitational dynamics well-defined.

Keep in mind:

Integrated radial field equation:

where



Paper + CollaboratorsHorizon structure of spherical AdS solutions

Consider Hayward-AdS metric as a representative example:

two-horizon 
RBH

horizonless soliton

extremal RBH

At large   , the solution approaches AdS with

The ADM/thermodynamic mass is given by

integration constant



Paper + CollaboratorsRegular Maxwell-charged solutions
For the Maxwell theory:

At large   , the charge is subleading, so         and         derived from the asymptotic behavior of the metric 
are the same as before. However, the charge-dependent contribution to          dominates at small   .

Regular Maxwell-charged configurations have AdS cores.

NB: The geometry can be regular even though the Maxwell field diverges:



Paper + CollaboratorsFrom regular metrics to fully regular charged solutions

Now: Use nonlinear electrodynamics (NLE) to cure divergence of the electric field

So far: RBH (regular geometry) coupled to Maxwell electrodynamics (divergent electric field)

We consider Born–Infeld and RegMax NLE theories.

Their large    asymptotics reproduce the charged Maxwell case.

NLE theory

Both reduce to Maxwell electrodynamics in the weak-field regime.

But:  Their small    behavior is decisively different! Recall:

Possible outcomes:where



Extended first law and Smarr relation

First law:

Smarr:

where                                                                           is a potential conjugate to the coupling constant    .

When a Maxwell field is included:     additional U(1) charge

First law:

Smarr (Maxwell):

In NLE theories: additional length scale associated with their coupling constants



Paper + CollaboratorsWald entropy for Hayward-AdS model

When the horizon radius becomes comparable to 
the regularization length, higher-order terms with a 
potentially negative denominator are no longer 
suppressed for certain dimensions D.

For BHs sufficiently close to extremality, 
the Wald entropy can become negative.

However:

1. Wald entropy is sensitive to all higher-curvature terms, 
irrespective of whether they produce dynamics or not.

2. Solutions with negative Wald entropy occur close to extremality at very low Hawking temperature.

Can always shift it by an overall constant by adding suitable derivative terms to the action.

Cannot expect that semiclassical computation of entropy will be reliable anyway.



Paper + CollaboratorsEquation of state and P-v diagram for Hayward AdS black hole
From the definition of thermodynamic pressure,

we can obtain the equation of state

Critical-point conditions:

plays the role of an effective molecular volume.  

:   inflection point marking the second-order critical endpoint.
:   monotonic, ideal-gas-like behavior. 

:   van der Waals oscillation associated with SBH/LBH coexistence.



Paper + CollaboratorsPhase diagram for Hayward-AdS black hole

Triple point where the three phases of 
thermal AdS, SBH, and LBH meet.

triple point

critical 
endpoint

Hawking-Page transition is physical in any odd D.

At each point            , the phase with 
the lowest free energy

dominates. On a coexistence line                 . 

thermal AdS/



Paper + CollaboratorsWhy a regular core makes the pressure diverge at finite volume

A regular core requires the curvature to remain finite:

But the master equation says:

Therefore,       must diverge while its argument remains finite:

Now evaluate the same curvature variable at a spherical horizon:

As       decreases,       eventually reaches      . Since the equation of state

contains               and               , 

For spherical vacuum solutions with positive mass: Recall:

Because                    , this happens at a finite, nonzero volume.



Paper + CollaboratorsWhy a regular core makes the pressure diverge at finite volume

A regular core requires the curvature to remain finite:

But the master equation says:

Therefore,       must diverge while its argument remains finite:

Now evaluate the same curvature variable at a spherical horizon:

As       decreases,       eventually reaches      . Since the equation of state

contains               and               , 

Because                    , this happens at a finite, nonzero volume.

For the resummations 
studied in our paper:

For spherical vacuum solutions with positive mass: Recall:



Paper + CollaboratorsCritical ratio              for various AdS models

Hayward

For the Hayward-AdS model, the ratio 
precisely matches the van der Waals 
gas in any allowed odd dimension: 

Conjectured bound for spherical vacuum RBH:

Why do we care about this ratio?

The individual critical quantities depend 
on the regularization scale    , 

but their ratio does not.

Differences between the curves therefore 
reflect the choice of resummation and the 
spacetime dimension, not the chosen 
regularization scale.
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1. Quasitopological resummations yield exact regular AdS black holes in D ≥ 5.

2. NLE gives fully regular charged solutions;                fixes the core type.

3. Spherical regularity forces a finite-volume pole in the equation of state.

4. Hayward universally coincides with the van der Waals ratio                                ;

Surveyed models suggest an upper bound of                                 . 
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1. Regularity with matter: general sufficient conditions when                 . 

2. Regular black branes              are generically inner-extremal and have Einstein-like thermodynamics.

3. Regular topological black holes                : after compactification,             is a chronology horizon.

4. Charged spherical black holes: one critical point; the critical ratio depends on charge and coupling.

5. Topological thermodynamics: from no criticality to reverse van der Waals behavior.
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To guarantee a fully regular solution for the full range of                    , it is sufficient for            to be a 
monotonic function with a divergence, provided that          and its derivatives have no divergences at finite   . 

NB: 1. As these conditions are only sufficient but not necessary, 
many other resummations with nonsingular black holes will exist. 
a

2. For a given resummation            , the function          determines the domain of     .
Therefore, it is entirely possible for a resummation that is nonsingular in vaccum to
become singular when certain matter content is added.  

Example: Hayward resummation Monotonic only on the disjoint intervals         

If          is not of uniform sign, the Hayward model may not be able to accommodate it within a single domain for    .

To ensure RBHs exist regardless of the matter content, we must select a resummation                 
with range                   in a single domain on which it is a monotonic function   

and          



Paper + CollaboratorsAsymptotic and near-core behavior

Asymptotically flat vacuum                               : 

Asymptotically AdS                                                 :

Near-core behavior                                   :



Paper + CollaboratorsCritical mass parameter

For all 7 models in Table 1, there exists a critical value of the mass         which demarcates the possible solutions.

Example: Hayward resummation



Paper + CollaboratorsExplicit expressions for thermodynamic potentials



Paper + CollaboratorsTable 1: Summary of models
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Paper + CollaboratorsFigure 1: Horizon structure of spherical AdS solutions



Paper + CollaboratorsFigure 2: Metric functions of Maxwell charged BHs



Paper + CollaboratorsFigure 3: Metric functions of black branes



Paper + CollaboratorsFigure 4: Metric functions of charged BHs in NLE



Paper + CollaboratorsFigure 5: Wald entropy of Hayward AdS model 



Paper + CollaboratorsFigure 6: P-v diagram of Hayward AdS model



Paper + CollaboratorsFigure 7: Free energy of Hayward AdS model



Paper + CollaboratorsFigure 8: Phase diagram of Hayward AdS model



Paper + CollaboratorsFigure 9: Critical ratio of various AdS models



Paper + CollaboratorsFigure 10: Charge dependence of critical ratio



Paper + CollaboratorsFigure 11: Free energy in the charged Maxwell case



Paper + CollaboratorsFigure 12: Free energy in Born-Infeld vs. RegMax NLE



Paper + CollaboratorsFigure 13: Free energy for topological BHs



Paper + CollaboratorsFigure 14: P-v diagram for topological Hayward-AdS BH



Paper + CollaboratorsFigure 15: Charge dependence of critical ratio for topological BHs


