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Outline

Main question: Can completely positive classical-quantum theories be fundamental?

1. What is a classical-quantum (CQ) state?

2. Completely positive (CP) dynamics

3. Embedding CQ theories into a quantum theory

4. Toy model: violation of angular momentum conservation

Main result of our paper



Do we need to quantize gravity?

The question is no longer philosophical.   Now: model-building + phenomenology



Classical-quantum gravity

Classical gravity Quantum matterConsistent mutual 
backreaction

geometry affects 
quantum evolution

quantum matter 
backreacts on geometry



Attitudes toward hybrid dynamics

Hybrid as approximation

q Valid for limited times

q Breakdown marks validity limit

q Classical sector is effective

q Used for computation

Hybrid as fundamental theory

q No expiration date

q Breakdown is a consistency problem

q Classical sector is fundamental

q Used as ontology



What is a classical-quantum state?

Classical system:

Quantum system:

CQ system: density operator               
  that depends on classical variables 

Normalization:



Why completely positive dynamics?

valid states/probabilities CPTP maps           GKSL/open-system dynamics

positivity + normalization + arbitrary ancillas

Markovian evolution

Reversible linear CQ schemes:  conceptually attractive, but generally inconsistent

CPCQ schemes:  formally consistent, but irreversible

Can the CP hybrid formalism be truly fundamental?



The CQ master equation

quantum evolution local noise 

Hamiltonian Lindblad

couples z’ to z

Terms local in z 

classical jumps + quantum operationact at a fixed classical configuration

Term nonlocal in z



Statistical moments

Previous slide:               : classical jump              plus quantum operation on Q.

Idea:  describe the               transition by moments of                        .  Fokker-Planck equation

Kramers-Moyal expansion

with



Backreaction is constrained by CP

Constrained by complete positivity:

Oppenheim et al.
Nat. Commun. 14, 7910 (2023)

CP Backreaction requires decoherence and diffusion.

Physical significance:

https://doi.org/10.1038/s41467-023-43348-2
https://doi.org/10.1038/s41467-023-43348-2
https://doi.org/10.1038/s41467-023-43348-2


Embedding theorem

Is CPCQ dynamics genuinely hybrid, or can it be represented inside a quantum theory?

For discrete or coarse-grained z, 
CPCQ evolution is the Z-diagonal sector of a CPTP map on QZ.

Theorem:

Step 1:  Encode each possible classical value z as a basis    
              state of a quantum register Z.

Step 2:  Represent the CQ state as a block-diagonal state on QZ.

Step 3:  Recover the CQ evolution from a CPTP map on QZ.

Why the diagonal sector?  Classical observables on Z are diagonal:



The CQ transition rule

We work with a discrete classical label z.

transition + operation on Q

Completeness:

Kraus operators:

Trace preservation:

Goal: CQ transition rule          quantum channel on QZ



Construct the QZ channel

Previous slide:                       combines two pieces:   1. change of classical label 
            2. operation on Q.

acts on Q updates the register Z:

Quantum channel:

(inherited from 
CQ completeness)

CQ transition rule          CPTP map on QZ

Once z is stored in Z, the label change              becomes a register update                       .



Recover the CQ state
We now check that the quantum channel on QZ reproduces the original CQ evolution.

Initial embedded state:

Exactly the CQ transition rule

Pinching (keep only Z-diagonal blocks):
Before pinching:

After pinching:

QZ channel   CQ dynamics on the Z-diagonal blocks

off-diagonal Z blocks

CQ state



Operational classicality
Previous slide:  the Z-diagonal blocks reproduce the CQ state.

Why can we ignore the off-diagonal blocks?

classical observables = commuting functions of z

Off-diagonal blocks are invisible:

not observable by Z measurements

The accessible Z algebra is classical.



Quantum, but not canonical quantization

What kind of “quantum theory” did we obtain?

Canonical quantization Our embedding

Promotes phase-space variables 
to noncommuting operators. The register stores                     as a label.

    and     are diagonal functions of that label.

Z provides a commutative readout algebra, not canonical gravitational degrees of freedom.



Implications for CQ gravity
The embedding result shows that CPCQ gravity need not be irreducibly hybrid.

What the embedding shows:

1. CPCQ dynamics can be realized inside quantum theory.

2. Classical sector is a restricted Z-readout.

3. The construction is noncanonical: Z provides a 

commutative readout algebra.

Open questions:

1. Is CPCQ gravity fundamental, 

or only an effective/reduced description?

2. Are Noether charges conserved in the CQ sector?

Does the reduced CP sector inherit Noether conservation laws?



Symmetry vs. conservation in CP dynamics
In Hamiltonian/unitary dynamics, symmetries and conserved generators are tightly linked.

In CP dynamics, they are separate conditions.

Closed Hamiltonian dynamics CP/Lindblad-type dynamics

Symmetry does not guarantee conservation of its generator G.



Toy model: qubit + classical particle
Minimal closed CQ model with rotational symmetry.

Quantum subsystem Q

Total angular momentum:

Classical subsystem C

2x2 density matrix depending on classical phase space variables

Is          conserved if the CQ dynamics is rotationally invariant?

CQ system



Rotationally invariant CQ dynamics
Now: choose CPCQ evolution that has no preferred spatial direction.

relaxation of current CQ state repopulation into 
rotationally invariant state

relaxation/decoherence rate rotationally invariant distribution

Stationary state:

maximally mixed qubit + rotationally invariant classical distribution

The dynamics is rotationally invariant, but not Hamiltonian/unitary.

no preferred spin axis



Solution: relaxation to an isotropic state
The equation can be solved exactly.

initial CQ state survives with weight relaxation to rotationally invariant stationary state

Long-time limit:

maximally mixed spin + rotationally invariant classical distribution

Localized initial state:

All directional information in the initial state is suppressed by           .



Rotational symmetry, but angular momentum decays

Choose a rotationally invariant stationary distribution with              :

Rotationally invariant CPCQ dynamics does not imply angular-momentum conservation.

Initial total angular momentum:



Lessons from the toy model

The toy model highlights a structural issue of CPCQ dynamics.

What we showed:  Closed CQ system + CP dynamics + rotational symmetry

Important caveat:

Phenomenological constraints:
Bounds on relaxation or nonconservation constrain the allowed CP backreaction/diffusion terms.

Quantum embedding does not automatically protect conservation laws in the reduced CQ sector.



Take-home message

1. CPCQ dynamics can be embedded into fully quantum dynamics.

2. The classical variables are read out from a commuting Z register.

3. The reduced sector can violate conservation laws despite symmetries.

CQ gravity may therefore be quantum gravity with restricted access.


